This work presents new round of the author's pursuit for consistent description of the finite sized objects in classical and quantum field theory. Current paper lays out an adequate mathematical background for this quest. A novel framework of the matter-induced physical affine geometry is developed. Within this framework, (1) an intrinsic nonlinearity of the Dirac equation becomes self-explanatory; (2) the spherical symmetry of an isolated localized object is of dynamic origin; (3) the auto-localization is a trivial consequence of nonlinearity and wave nature of the Dirac field; (4) localized objects are split into two major categories that are clearly associated with the positive and negative charges; (5) of these, only the former can be stable as isolated objects, which explains the global charge asymmetry of the matter observed in Nature. In the second paper, the nonlinear Dirac equation is written down explicitly. It is solved in one-body approximation (in absence of external fields). Its two analytic solutions unequivocally are positive (stable) and negative (unstable) isolated charges. From the author's current perspective, the so for obtained results must be developed further and applied to various practical and fundamental problems in particle and nuclear physics, and also in cosmology.
Introduction
This work addresses the long-standing puzzle of how the physical Dirac field of real matter becomes a finitesized particle. This puzzle successfully withstood several major attacks undertaken since early 1930s in both classical and quantum contexts, for realistic fields of matter and for the ad hoc constructed effective field theories. The importance of a definitive conclusion goes far beyond the purely academic area. The present uncertainty of an answer affects numerous studies in theoretical and experimental physics (e.g., quantum collisions of finite-size ultrarelativistic nuclei [1] ) and reaches as far as the origin of the observable matter in the Universe. A dramatic difference between the charge asymmetry of the visible Universe and an apparent charge symmetry observed in transformations of elementary particles has never received a rational explanation. In mid1960s, A.D. Sakharov [2] made an attempt to connect the cosmological charge asymmetry with the violation of the CP-invariance and nonequilibrium processes in the early hot Universe, but this hypothesis cannot be verified by a laboratory experiment. More specified (and exotic) scenarios were considered by A. Dolgov [3] [4] , partially in connection with the problem of baryogenesis. For an extensive review with further references see Ref. [5] .
The present study concludes that, for the Dirac field, C and P do not exist separately, and that both are intimately connected to inevitable localization of the Dirac field into finite-sized particles. Furthermore, it appears that only positive charges are capable of stable auto-localization in real world. The time scale and relative weight of all the underlying processes and/or mechanisms are not yet clear, but the Universe definitely had enough time to conduct such an experiment. Moreover, experimental studies of the last decade [6] revealed a surprising excess of positrons (and no excess of antiprotons) in the cosmic rays, which can be an indication that creation of the charge-asymmetric matter in the Universe is an ongoing process.
The present work was supposed to correct and augment the author's paper [7] , which was focused mainly on the transient processes with localized particles. The accents have changed with the initial progress. In this work and then in paper [8] , we pursue a somewhat narrower goal to find an exact auto-localized solution (a realistic Dirac particle), which could serve as an input for the study of transient processes. The problem is posed and solved in a novel framework of the matter-induced affine geometry, which deduces geometric relations in the space-time continuum from the dynamic properties of the Dirac field.
Framework is set in Section 2 by reviewing well-known algebraic identities between the bilinear Dirac forms (the Fierz identities). At any point in spacetime continuum (the principal differentiable manifold  ), there exist four fields of quadruples of these forms (the Dirac currents), which are linearly independent and Lorentzorthogonal, and can serve as local algebraic basis for any four-dimensional vector space, including the infinitesimal displacements in coordinate space 4  . In Section 3 we use this basis of four Dirac currents as the Cartan's moving frame in spacetime and develop the technique of covariant derivatives for the vector and spinor fields.
Relying on results of Section 2 and Section 3, we meticulously derive in Section 4 various differential identities from the Dirac equations of motion. These identities are shown to be imperative for the geometry of the objects associated with the Dirac field to have a covariant form and be independent of coordinate background. We discover that coordinate lines and surfaces cannot be chosen by a fiat-the Dirac field cannot be embedded into a coordinate basis ( ) x µ ∂ ∂ (this observation had triggered the present work starting from [7] , where the key argument regarding localization was found). In Section 5 the differential identities for the divergences and curls of the Dirac currents are written down in terms of components, and properties of the congruences of the Dirac currents are analyzed. All components of the connections are found as functions of the Dirac field. These two steps finalize the formal design of the physical affine geometry. There are only a few digressions regarding physical meaning of some equations, the most important of which is related to the existence of the matterdefined world time τ and the local time slowdown. The latter is the main physical mechanism behind the autolocalization. It appears that, in order to be compatible with the Dirac equation, its coordinate basis indeed cannot be holonomic.
The known connections made it possible to examine the properties of the admissible coordinate systems. Among four tetrad vector fields, we find in Section 6.1 two integrable subsets of three PDEs for the coordinate lines (two hypersurfaces with the corresponding normal congruences) and two two-dimensional surfaces. In Section 6.2 we study the internal geometry of these surfaces as submanifolds of  . It appears that the twodimensional surface of the constant "world time" and "radius" can be only spherical, which seems to be inevitable for an isolated stable object.
The general properties of coordinate surfaces in  (like their spherical symmetry and inherent stability) are discovered in the present paper without any assumptions on the nature of an ambient space or Dirac field. It appears that the main qualitative characteristic of the stationary Dirac object is the direction of the axial current, which can point only outward or inward. It must be clearly understood that the locally defined notions of outward and inward are prerequisites for any reasonable discussion of the localization phenomenon. The frame-work of the matter-induced affine geometry not only ideally fits this goal but also explains the auto-localization, as it is seen in the real world, as an intrinsic property of the Dirac field.
This paper is continued in Ref. [8] , where the capabilities of the matter-induced affine geometry are employed to address a specific problem of existence of the auto-localized Dirac waveforms. We begin with writing down the nonlinear Dirac equation and putting it in a practically solvable form. The localized configurations of the Dirac field are found analytically in the absence of external electromagnetic field. They require the Dirac spinor to have only up-or only down-components, when the axial current is pointing outward or inward, respectively. The up-mode is stable, has a bump of invariant density and the negative energy E m = − , while the down-mode is unstable, has a dip and the positive energy E m = + . At large spatial distances the invariant density has a universal vacuum unity value. Therefore, the two modes were (by a fortunate coincidence!) properly interpreted as positive and negative charges. The decay of unstable mode is due to the charged Dirac currents that naturally oscillate as 2 e imτ , such a decay requiring only the presence of an external electromagnetic field. Possibly, these facts explain the vivid global charge (eventually, baryonic one) asymmetry in the Universe. Last section of paper [8] summarizes ideas, methods, current results and perspectives.
Vectors at a Point. Algebra of the Dirac Currents
1. Mathematical framework. We consider, as usually, the mathematical spacetime as a smooth fourdimensional manifold  so that every point P of  has an open neighborhood that can be mapped one-toone onto an opened subset of points ( ) λ ∈  ) in order to build at each point P ∈  the linear space
with the components h µ with respect to the linearly independent vectors ( ) P 2. Physical framework. Basis of Dirac currents. In physical spacetime of special relativity points P are associated with events. The clocks of the net that register these events are synchronized by light signals; this results in Lorentz transformations between the coordinates of events measured by the nets of different inertial observers. Special relativity is based on independence of all physical processes from a particular choice of an inertial frame, and thus from the coordinate basis that is used to parameterize the events. As a matter of fact, the coordinate basis is built into a material reference frame, and thus is an invariant object.
All mathematical treatments of affine or Riemannian geometry start with an assumption of the independent tangent space with an arbitrarily oriented normal basis at every point of the continuum (differentiable manifold). While invariance with respect to the choice of coordinates x µ is trivial, there cannot be absolute freedom of choosing tetrad vectors at every point-the components ( ) a h x µ of tetrad vectors must be continuous functions of the coordinates. Is there a way to endow the principal manifold  with basis of vector fields that would be invariant objects without reference to curves and/or derivatives at a point? For the physical four-dimensional spacetime the answer is affirmative, because there exists a matter field, the Dirac field ( ) P ψ , a coordinate scalar, that provides such a basis at each point P of the manifold  and assigns the latter the status of a physical object. The algebraic descendants of the Dirac field are the vector-like objects, the so-called Dirac currents, 
where ( ) 
By virtue of Equation (2.3), at every point P of the basic manifold  the currents A V form a complete (in the sense of linear algebra) system of orthogonal (with respect to the " metric" ab η ) unit "vectors", , .
The vector 0 V is timelike while the other three are spacelike. It is also straightforward to check the following identities, , ,
Employing the Dirac matrices, we can define the four components of the " vector current", ( )
All of them are interconnected by the so-called Fierz relations [10] . The charge-conjugated spinor is defined as * c ψ ψ = C with a real-valued matrix C (e.g., 2 2 ρ σ = C ). 2 This is a small subset of the Fierz identities that includes 28 basic relations and hundreds of derivable from them. They were studied in details in Ref. [10] as the basis for the mathematical reconstruction theorem [11] that states that Dirac spinor field can be uniquely restored via the Dirac currents (without any account for the dynamics). Within this approach it is possible to replace tetrad vectors of any coordinate system by an equivalent Dirac field thus simplifying various calculations [12] . Among the objects connected via the Fierz identities is present the skew-symmetric Θ Φ and scalars.
The author was not aware of this fact and wrongfully tried [7] to employ 
Vector and Dirac Fields in Spacetime. Analytic Preliminaries
From now on, we look at the and has nothing to do with "Lorentz rotations". Thus, we have to account for two different kinds of invariance. One of them is the covariance, a trivial mathematical independence from the coordinate system. The second one is the invariance of the Dirac field as the matter, and it is dominant on every account, because any conceivable measurement requires the presence of the localized physical objects. In this section, we consider the Dirac field as a known function of coordinates and do not employ its equation of motion.
Dirac Currents as a "Moving Frame" in Spacetime
The Dirac field ( ) P ψ is a coordinate scalar, but it naturally generates an affine centered vector space (spanned by the Dirac currents ( )
) at P, which is similar to the tangent space p T of the four-dimensional manifold  at P (spanned by the vectors
). These currents constitute a complete basis, they are of unit length and orthogonal in the sense of Equation (2.5). The continuous field of tetrad
is embedded into  . Therefore, an infinitesimal change of the a A V (and, eventually, of the A e ) from point P to point P′ is predetermined as,
Also predetermined is the derivative of the scalars
, and it has a very simple meaning. For a given displacement dx µ in 4  , the total change
can be expanded over a complete system ( )
with the coefficients ( ) ( )
More precise is the directional derivative, ( ) ( ) ( )
along an arbitrary vector h in  . By taking D = h e , we immediately recognize the connections
viz., the ABD ω ∈  is skew-symmetric in the first two indices.
Covariant Derivatives at a Point in 
In what follows, we compute the covariant derivatives of the vector and spinor components with respect to different bases and establish their interrelation.
The Dirac tetrad.
Starting from Equations (2.7) and (3.3) and following the Cartan's idea of a moving frame [15] , we can compute the covariant derivative of the components of any vector ( ) ( ) ( )
or, in terms of components with respect to the basis A e ,
are the relative changes of the components and d
is their total change. We explicitly see that the presence of the physical Dirac field over the principal manifold  immediately endows  with an affine connection. It also provides a natural definition of parallel transport as a transformation that leaves the components A u of a vector unchanged with respect to a local basis, even when the local tetrad (or a coordinate hedgehog) changes its orientation from point to point. Equation (3.3) is a special case of Equation and comparing with Equation (3.6) one readily obtains the equation that determines the connection
where A A a a V α α = and these matrices A α , depending on ψ , must be considered as primary objects in  .
Arbitrary tetrads.
Knowing the affine connection in the basis of vectors A V , we can find it in any other basis ( ) a P h . Indeed, starting from Equation (3.6) we rewrite covariant derivative in terms of the basis vectors
V is a matrix of Lorentz rotation),
These invariants are nothing but the coefficients of rotation of the basic vectors a h with respect to the basis A e . Conversely, the equation,
gives the coefficients of rotation In this case, one can derive the covariant derivative as
and ( which is now expressed via quantities that explicitly depend on the physical Dirac field. Finally, using Equations (12), we can invert the last two equations to obtain, 
An idea of how to find this g νµ practically, will become clear only in the next paper [8] , where a concrete solution ψ is found. Starting from there, one can take the following path, 
or translating Equation (3.8) into the basis a h , it is straightforward to obtain the following equation for the matrix a Γ 5 :
, ,
where
Γ , and nothing implies that a α must be numerical matrices 6 . If we introduce 
where, so far, e and g are arbitrary constants. 
6 This is straightforward to show, . The connection (3.19) commutes with the matrix 3 ρ , so that Equation (3.17) remains the same when 3 a a α ρ α → . So far, it neither commutes nor anticommutes with 1 ρ and 2 ρ , viz.
Similar formulae arise for the charge-conjugated connection. Since
The commutation relations for the Dirac matrices In what follows, we consider Dirac field as the primary matter field; covariant derivatives of its bilinear functions will be computed only using Equations (3.17)-(3.19).
Connections in different bases.
Equations (3.10) and (3.11) are nothing but the well known formulae for transformation of a linear connection between two non-coordinate (anholonomic) bases. In these bases, all quantities are functions of the point P in the principal manifold  , and thus independent of the coordinate basis in the 4  . For example, we readily have the coordinate-independent equation of the parallel transport of a vector u along a vector
( ) ( ) ( ) , ,
which are the universal expressions 8 for all kinds of connections associated with local transformations. Equations (3.6) and (3. 
which guarantees that the derivative u ν µ ∇ transforms as a tensor. Transformations (3.10) and (3.11) are reduced to this formula when the tetrads are formed by the gradient vectors.
By definition,
, were index κ can belong to any of the bases. Therefore, Equation (3.19) has the required general form (3.22) and can be rewritten as ( ) ( )
In the early days of the Dirac theory, it was firmly established that Here, such an argument is reached later (with the reference to the equations of motion) from the physical (and then mathematical) requirement that nothing in physical manifold  or in coordinate space 4  can depend on a tetrad basis a h . For the sake of clarity, some equations will be ending with " is changing from point to point, we have no other choice but to specify the transport of a vector as the parallel Fermi transport (in the sense that the components of a vector with respect to the local tetrad do not change) along the chosen path. We will be able to get back to 0 P (the image of the path in the moving frame will be closed) with the same ( )  , are symmetric in their subscripts. Then the torsion tensor vanishes, and only then will we be able to contract the entire path to the point 0 P ∈  . Consequently, the following formulae,
, .
can be confidently used for any coordinate scalar
Differential Identities for the Dirac Currents
As it was pointed out above, Equations (3.6) and (3.9) with the predetermined coefficients of rotation fix the components of a vector with respect to an a priori arbitrary tetrad basis. One might expect that these equations can be trivially used to fix the components of any tensor field. However, the coefficients of rotation of the "geometric tetrad" a h µ and those of the tetrad a e µ of the normalized Dirac currents are interconnected by Equation (3.10). Hence, the dynamic can potentially limit a feasible choice of the basis a h µ . The coordinate system (coordinate lines) can be not arbitrary; not all coordinate variables can even have the meaning of coordinates. Therefore, it seems appropriate to postpone, for as long as possible, explicit use of any coordinate basis and treat the tetrad 
Divergences of the Dirac Currents
From the equations of motion (4.1) one immediately derives two well-known identities. This equation clearly indicates conservation of the timelike vector current (of probability) of the Dirac field. The second identity is obtained from the Dirac Equation (4.1), which is multiplied by 3 ρ from the left (and its conjugate from the right, and noting that 3 and has the pseudoscalar density as a source. Since  is localized not less than  , and the vector µ  is spacelike, it defines the radial direction. The existence of such a direction is a distinct characteristic of any localized object.
Similar identities can be derived for the vectors a Θ and a Φ of Section 2. Using Equations (3.21) and (4.2), we immediately arrive to covariant derivatives of the matrix elements
Though these vectors are complex and explicitly depend on the phase of ψ , this dependence is compensated in the covariant derivative (4.5) by the gauge transformation of the vector potential. The derivatives of Θ and Φ become 2 , 2 .
The fields of complex currents a a i Θ ± Φ look like being "charged" with a charge 2e. From the equations of motion (4.2) and using Equation (4.6), it is straightforward to get
Similarly to the vector of axial current, these vectors are not conserved due to electromagnetic potential A µ .
Curls of the Dirac Currents
In order to access the differential identities for the curls of the Dirac currents one has to compute, using the equations of motion, the derivatives of the objects , , , Contrary to the expectation of (4.8), the answer reads 
with the last term of Equation (4.8) missing, and no hope to recover the full geometric expression (4.9) of the covariant derivative of the tensor! Contracting here indices a and c and using equations of motion we would arrive at [7] . 
Comparing the last two equations and using (3.20), we finally find that the abnormal term thus restoring the covariance of Equation (4.11). Remarkably, the usual covariance in coordinate space is restored due to equations of motion. Equation (4.14) yields two nontrivial conditions on the structure of the Dirac currents as follows. The Ricci coefficients are real-valued and skew-symmetric in the first two indices. The r.h.s. of Equation (4.14) is real. Therefore, the imaginary part of Equation (4.14) reads as ( In order to facilitate further analysis of the real part of Equation (4.14), let us rewrite its l.h.s. in terms of the axial current. Using the dual representation of the axial current as , mostly following the same protocol and starting from its covariant derivative. We find that 3 3 .
Once again, the last term of Equation (4.8) is missing, and thus we have no confidence that the covariant derivative is a tensor. For the immediate purpose of this work, we only need the equations that emerge after contracting indices a and b in Equation (4.17), which is complementary to Equation (4.14). Since acb γ is skew-symmetric in the first two indices, the imaginary part in the l.h.s. is due to ( ) ( ) which is similar to Equations (4.23) that we had for the vector current. More identities are readily obtained along the same guidelines as Equation (4.14). Namely, duplicating (4.12)- e . These are not given a priori, but it is possible to find them as dynamic quantities. This is an immediate goal of this section. Technically, we will rely only on Equation (3.15) 
Dirac Field and Congruences of Curves
ω ω ω ω ω ω ∇ = ∂ + ∇ ∇ = ∇ = = − − −    (5.1)
Vector Current and Timelike Congruence
To analyze the lines of the vector current, the two obtained earlier equations, 
Axial Current and Radial Congruence
Here, we have to deal with the system of equations,
which is similar to Equations (5.2) that we had for the vector current. The only difference is that the axial current has a source 2m . Since there is no flux of vector current in this direction (the amount of matter inside a closed surface remains the same), we associate the radial direction [ ] ( ) for the " potential" ρ with the source density proportional to the mass parameter m of the Dirac equation and pseudoscalar density  (in static limit, it becomes the Poisson equation). Not surprisingly, this source is equal to the derivative of the invariant density in the direction of the axial current. If the invariant density was not changing in a "radial direction", the whole idea of a localized object would be vague. Similarly to (5.5) and (5.11), we have
From here, we conclude that the differential form dx µ µ  is integrable and the "radial distance",
does not depend on the integration path (the coordinate variable ρ is holonomic).
Congruences of the Angular Arcs
Here, we must deal with four equations (4.6) and (4.28). Taking ( ) ( )
e e µ µ ↔ will be discussed later), starting from Equation (4.6), and duplicating the derivation of Equation (5.8) The second of these equations means that the congruence [3] is geodesic 11 . Quite remarkably, this conclusion about static character of the configuration that satisfies Dirac equations of motion is reached only after all the differential identities are considered together. The additional constraints that follow from Equations (5.23) e [18] . This property appears to be yet another consequence of the Dirac equation of motion, which thus guarantees that the orthogonal tetrad is Fermi-transported. Finally, comparing Equations (5.16) and (5.34) we find that 
Summary-Coefficients of Rotations That Completely Define the Matter-Induced Affine Geometry
By now, we have succeeded to find simple expressions for all coefficients ABC ω of rotation of the basis A e of the normalized Dirac currents. This is the last step in the design of the matter-induced affine geometry. From this point, one can rely on the common tools of the differential geometry. We can divide the not vanishing ∂  , and even it can be 12 Keeping up with the promise given in Section 3, we compute, following Equation (3.10) .
Using Equations (5.36)-(5.37) and employing Equation (2.5) as,
2 sin .
expressed via pseudoscalar density. Therefore, the practical computation of the connection ABC ω does not require any reference to a coordinate background. The congruence of integral lines of the vector field 3 e is both normal and geodesic. This is the only geodesic of the principal manifold  , and it is inherited by the hypersurfaces of the constant world time. The congruences 0 1 2 , , e e e constitute a canonical system with respect to the congruence 3 e . Therefore the entire tetrad is Fermi-transported along the the lines of the radial congruence 3 e . Equations (5.36)-(5.39) assume a localized configuration with maximum of invariant density in its interior and a naturally right-handed spatial trihedron ( ) 1 2 3 , , e e e . If there is a minimum, then the signs of tetrad components B A in coefficients of rotation (5.36)-(5.37) (and only there!) must be reverted.
Coordinate Surfaces and Coordinate Lines of the Dirac Field
Below, we attempt to find the submanifolds of the physical manifold  , which can be mapped onto coordinate surfaces of the arithmetic 4  . An advance knowledge of these surfaces will be critical for finding the autolocalized Dirac waveforms and then understanding their shape and internal field structure. 
These expressions allow one to completely explore properties not only of the individual congruences and 3-d hypersurfaces but also of the 2-d surfaces. The latter is imperative as long as we aim at (and already have a hint of) dynamic localization of the Dirac field into finite-sized objects.
Some immediate observations are in order. Equations (6.1) are nothing but differential identities that express the integrability of the directional derivatives. From equations of motion we know that 0 
At any point P of the principal manifold  all the scalars change only in the direction 3 e of the axial current, and the rate of this change is determined by the product m .
Integrable Subsystems and Coordinate Surfaces in  4
Since we are aiming at the discovery of the localized solutions, a coordinate picture may become most appropriate, and it is useful to know in advance what the admissible coordinate net may look like. Solely for this purpose, we study here whether the congruences of the Dirac currents in 4  can form at least some of the four 3-d coordinate hypersurfaces and of the six 2-d coordinate surfaces. Once found, these surfaces will be studied in detail as submanifolds embedded into 4  endowed with the connections identified above. 1  2  3  1  2  0 1  2  3 , , , , , , , , , x x x x x x x x x x τ τ ρ ρ = = , the system (6.6) immediately acquires the normal (Jacobian) 
Its second equation is equivalent to the system of three ODEs, 
where all the ω 's listed in Equations (5.36)-(5.37) are known explicitly 13 . The first term, e . Now, since there is no question of how a submanifold is embedded into the ambient space with explicitly known tetrad vectors, we are in position to study the internal geometry of various coordinate surfaces, as submanifolds of the principal manifold  . Besides the second fundamental form, we will use the Riemann curvature tensor in ambient space and in subspaces,
With these preliminaries, we are in the position to consider all subspaces on-by-one. 
Therefore, the ( )
123
S is a totally umbilical submanifold 14 with zero mean normal curvature
is a totally geodesic submanifold; it inherits its sole geodesic 3 e from the ambient  . From the perspective of the ambient space, the hypersurface ( )

S
has no curvature, it is extrinsically flat. 13 In mathematical literature the Gauss and Weingarten formulae are written down as 
has six different (modulo sign) components; it is given by the terms of (6.12) with all indices in tangent space of the ( ) . By virtue of Equations (6.2), the vector of (mean) geodesic curvature H is constant and parallel throughout every hypersurface ( ) 
Coordinate Lines
According to Equation (6.2), system (6.5) of PDEs admits, along with the first integrals ( ) and it has only the radial component (precisely the same as radial geodesic (6.25)), which equals in magnitude but has opposite sign with respect to the mean curvature vector of surface ( )
